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MASTERING THE
ART OF PROBLEM
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DIVE INTO HARD
MATHS QUESTIONS
WITH ANSWERS

Mathematics  is  often
d e s c r i b e d  a s  t h e
l a n g u a g e  o f  t h e
universe, yet for many
students  and  lifelong
learners, it can feel like
a  f o r e i g n  d i a l e c t
s p o k e n  a t  a n
impossibly  fast  pace.
The  true  beauty  of
mathematics, however,

reveals  itself  not  in
e a s y ,  r e p e t i t i v e
calculations but in the
challenging,  mind-
stretching  problems
that force you to think
differently.  If  you  are
looking  to  sharpen
your  analytical  skills,
prepare  for  a  high-
stakes examination, or
simply  enjoy  the  thrill
o f  i n t e l l e c t u a l
discovery,  exploring
hard  maths  questions
with answers is one of
the  most  rewarding
p u r s u i t s  y o u  c a n
undertake.  This  article
curates  a  selection  of
genuinely  challenging
p r o b l e m s  a c r o s s
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algebra,  geometry,
number  theory,  and
logic,  providing  step-
by-step  solutions  that
i l l u m i n a t e  t h e
underlying  principles.
By  working  through
these  questions,  you
will  not  only  expand
your  mathematical
t o o l k i t  b u t  a l s o
cultivate the resilience
a n d  c r e a t i v i t y
necessary  to  tackle
any problem life throws
your way.

WHY TACKLING
DIFFICULT MATH
PROBLEMS
MATTERS

Before we dive into the
e q u a t i o n s  a n d
diagrams,  it  is  worth
considering  why  you
should  deliberately
s e e k  o u t  h a r d
m a t h e m a t i c s
questions.  In  an  age
where  calculators  and
artificial  intelligence
can  compute  almost

anything instantly,  the
value  of  mathematics
has shifted away from
pure calculation toward
c o n c e p t u a l
understanding  and
logical  reasoning.
Engaging  with  difficult
problems  trains  your
b r a i n  t o  i d e n t i f y
patterns,  break  down
complex scenarios into
manageable steps, and
p e r s i s t  t h r o u g h
frustration. This kind of
mental  conditioning  is
invaluable  far  beyond
t h e  c l a s s r o o m .
W h e t h e r  y o u  a r e
cod ing  so f tware ,
analyzing  data  for
business  decisions,  or
n a v i g a t i n g  t h e
c o m p l e x i t i e s  o f
personal  finance,  the
ability  to  think  clearly
under  pressure  is  a
s u p e r p o w e r .
Furthermore,  working
through  hard  maths
questions with answers
allows  you  to  verify
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your  thought  process
immediately,  turning
mistakes into powerful
learning  opportunities
rather than dead ends.

Building
Confidenc
e
Through
Challenge
There  is  a  common
misconception  that
only  "geniuses"  can
s o l v e  h a r d  m a t h
problems.  In  reality,
proficiency  in
mathematics  is  far
more  about  practice
and  strategy  than
innate  talent.  Every
time you struggle with
a  p r o b l e m  a n d
e v e n t u a l l y  w o r k
through  it,  you  build
confidence in your own

cognitive abilities. This
self-assurance  creates
a  positive  feedback
loop: you become more
wi l l ing  to  attempt
difficult  tasks,  which
l e a d s  t o  f u r t h e r
growth,  which  in  turn
fuels  even  greater
confidence.  The
p r o b l e m s  w e  w i l l
explore  below  are
designed  to  challenge
you, but they are also
carefully  scaffolded  so
that  the  solutions  are
accessible  if  you  take
the time to understand
each step.

HARD ALGEBRA
QUESTIONS WITH
ANSWERS

A l g e b r a  i s  t h e
foundation upon which
m o s t  a d v a n c e d
mathematics  is  built.
The  hardest  algebra
problems often involve
systems  of  equations,
p o l y n o m i a l
man ipu la t i on ,  o r
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functional  equations
that  require  creative
s u b s t i t u t i o n  a n d
pattern recognition. Let
us  examine  a  classic
example  that  tests
your  ability  to  think
symmetrically.

A
Challengi
ng
System of
Equations
Question:  Solve for x
a n d  y  g i v e n  t h e
following  system:

x + y = 5
x³ + y³ = 65

At  first  glance,  this
looks  straightforward.
H o w e v e r ,  i f  y o u
attempt  to  substitute
directly,  you  will  find

yourself  dealing  with
m e s s y  c u b i c
e x p a n s i o n s .  T h e
elegant approach uses
a  f u n d a m e n t a l
algebraic  identity.
Solution:  Recall  that
the sum of cubes can
be factored as: x³ + y³
= (x + y)(x² - xy + y²).
We already know that
x + y = 5. So we have:
65 = 5(x² - xy + y²) →
x² - xy + y² = 13
Now we also know that
(x + y)² = x² + 2xy +
y² = 25. If we subtract
the expression x² - xy
+ y² = 13 from this, we
get:
(x² + 2xy + y²) - (x² -
xy + y²) = 3xy = 25 -
13 = 12 → xy = 4
Now we have a much
simpler system: x + y
= 5 and xy = 4. This is
a quadratic in disguise.
The numbers x  and y
are  the  roots  of  the
equation t² - 5t + 4 =
0, which factors to (t -
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1)(t - 4) = 0. Therefore,
the solutions are (x, y)
= (1, 4) or (4, 1).
This problem illustrates
h o w  h a r d  m a t h s
questions with answers
often rely  on knowing
when to apply a clever
identity  rather  than
brute  force.

GEOMETRY AND
THE POWER OF
VISUALIZATION

Geometry  problems
a r e  p a r t i c u l a r l y
satisfying because they
marry logical deduction
with spatial  reasoning.
The  most  difficult
geometry  questions
o f t e n  a p p e a r
deceptively simple but
require  a  flash  of
i n s i g h t  t o  b r e a k
through.

The

Infamous
Circle
and
Tangent
Problem
Question:  Consider  a
circle with a radius of
10 units.  A  point  P  is
located  26  units  from
the center of the circle.
F rom  po in t  P ,  two
tangents are drawn to
the circle. What is the
length of each tangent
segment from P to the
point of tangency?
Many  students  try  to
u s e  c o o r d i n a t e
g e o m e t r y  o r
c o m p l i c a t e d
t r i g o n o m e t r i c
a p p r o a c h e s .  T h e
s o l u t i o n  i s  m u c h
simpler if  you recall  a
bas i c  p roper ty  o f
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tangents.
Solution: A tangent to
a  c i r c le  i s  a lways
perpendicular  to  the
radius  drawn  to  the
point  of  tangency.
Therefore,  if  we  draw
the radius to the point
of tangency T, we form
a right triangle with the
center O,  the point  P,
and T. The hypotenuse
is OP = 26 units,  and
one  leg  is  the  radius
OT = 10 units. By the
Pythagorean theorem:
PT² + 10² = 26² → PT²
= 676 - 100 = 576 →
PT = 24 units
Both  tangents  from  P
to the circle are equal
in  length,  so  each
tangent  segment
measures  24  units.
Th i s  p rob lem  i s  a
beautiful reminder that
the  hardest  questions
often  collapse  into
simplicity  once  you
ident i fy  the  r ight
geometric relationship.

A Puzzle
Involving
Inscribed
Shapes
Question: A square is
inscribed  in  a  circle.
A n o t h e r  c i r c l e  i s
inscribed in the square.
What is the ratio of the
area of the larger circle
to  the  a rea  o f  the
smaller circle?
This  question  requires
you  to  visualize  the
relationships  between
t h e  s h a p e s  a n d
express areas in terms
of a common variable.
Solution:  Let  the
radius  of  the  larger
circle  be R.  Since the
square  is  inscribed  in
this circle, the diagonal
of  the  square  equals
the  diameter  of  the
large  circle,  which  is
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2R. If the side length of
the square is s, then by
t h e  P y t h a g o r e a n
theorem,  the  diagonal
is s√2 = 2R, so s = 2R /
√2 = R√2.
The  smaller  circle  is
inscribed in the square,
meaning  its  diameter
equals the side length
of  the  square.  So  the
radius  of  the  smaller
circle, r, is half of s: r =
(R√2) / 2 = R / √2.
The area of  the  large
circle  is  πR²,  and  the
area of the small circle
is π(R / √2)² = πR² / 2.
Therefore, the ratio of
the large circle area to
the small circle area is
(πR²)  /  (πR²  /  2)  = 2.
The  larger  circle  has
exactly twice the area
of the smaller circle.

NUMBER THEORY:
THE JEWEL OF
PURE
MATHEMATICS

N u m b e r  t h e o r y

questions  often  feel
l i ke  puzz les  f rom
another  world.  They
involve  the  properties
o f  i n t e g e r s  a n d
frequently  require
modular  arithmetic  or
clever  factorization.
These  are  among  the
most  rewarding  hard
maths  questions  with
answers  because  the
solutions  are  often
surprisingly  concise.

Finding
the Last
Two
Digits
Question:  What  are
the last two digits (the
tens and units digits) of
7²⁰¹⁹?
Brute-forcing  this  is
i m p o s s i b l e .  T h e
cunning approach uses
modular  arithmetic
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modulo  100.
Solution:  We  want
7²⁰¹⁹  mod  100.  First,
look  for  pat terns .
Compute  successive
powers  of  7  mod  100:

7¹ = 7
7² = 49
7³ = 343 ≡ 43
7⁴ = 43 × 7 =
301 ≡ 1

We discover that 7⁴ ≡
1 mod 100.  This  is  a
cycle of length 4. Now,
2019  d iv ided  by  4
gives a quotient of 504
with a remainder of 3
( s i n c e  4  ×  5 0 4  =
2016).  Therefore,  7²⁰¹⁹
= 7⁴ˣ⁵⁰⁴ × 7³ ≡ 1 × 43
≡ 43 mod 100. The last
two digits are 43.
T h i s  p r o b l e m
showcases  the  power
of  cyclic  patterns,  a
recurring  theme  in
hard  mathematics.

LOGIC AND

COMBINATORICS:
COUNTING
WITHOUT
COUNTING

C o m b i n a t o r i c s
problems  ask  you  to
count  possibi l it ies
under constraints.  The
hardes t  ve r s i ons
require  you  to  avoid
overcounting  and  to
t h i n k  i n  t e r m s  o f
complementary  cases
o r  c l e v e r
arrangements.

The
Handshak
e
Problem
with a
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Twist
Question:  There  are
20 people  at  a  party.
Each  person  shakes
hands with exactly 15
other  people.  How
many  handshakes
occur  in  total?
The trap is to multiply
20  by  15  and  then
divide by 2, but is that
correct  here?  Let  us
examine carefully.
Solution:  If  each  of
the  20  people  shakes
hands with  15 others,
naive  multiplication
gives  20  ×  15  =  30.
But  each  handshake
involves two people, so
the  total  number  of
handshakes  is  (20  ×
15) / 2 = 150. This is
v a l i d  o n l y  i f  i t  i s
possible  for  every
person to shake hands
with exactly 15 others.
Is  i t  possible?  In  a
group  of  20,  if  each
person  shakes  hands

with  15,  then  each
person does not shake
hands  with  4  people.
T h i s  s c e n a r i o  i s
achievable  if  the  non-
handshake pairs form a
regular  pattern.  Since
15 is less than 19 (the
maximum  possible),
t h e r e  i s  n o
c o n t r a d i c t i o n .
Therefore,  the  answer
is 150 handshakes.

Arranging
Letters
with
Constrain
ts
Question:  How  many
distinct  ways  can  the
letters  of  the  word
"M ISS ISS IPP I "  be
arranged?
This  classic  problem
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t e s t s  y o u r
unders tand ing  o f
permutations  with
repeated  elements.
Solution:  The  word
MISSISSIPPI  has  11
letters:  M  appears  1
t ime ,  I  appea r s  4
times,  S  appears  4
times, and P appears 2
times.  The  number  of
distinct  arrangements
i s  g i v e n  b y  t h e
multinomial coefficient:
11! / (1! × 4! × 4! ×
2!) = 39916800 / (1 ×
2 4  ×  2 4  ×  2 )  =
39916800  /  1152  =
34650
There  are  exact ly
34,650 distinct ways to
arrange  the  letters.
Th i s  p rob lem  i s  a
g a t e w a y  t o
understanding  more
complex  combinatorial
structures.

CALCULUS AND
THE INFINITE

While  calculus  may

seem more  advanced,
some  ha rd  maths
questions with answers
in  this  field  rely  on
c lever  geomet r i c
interpretations or limits
rather  than  heavy
computation.

The
Maximum
Volume
of a Box
Question: You have a
rectangular  sheet  of
cardboard  measuring
12 inches by 16 inches.
You  cu t  i den t i ca l
squares of side length
x from each corner and
fold  up  the  flaps  to
make an open-top box.
W h a t  v a l u e  o f  x
maximizes the volume
of the box?
S o l u t i o n :  T h e
dimensions of the box
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a f te r  cu t t i ng  and
folding  are:  length  =
16 - 2x, width = 12 -
2x, and height = x. The
volume V(x)  = x(16  -
2x)(12 - 2x) = x(192 -
32x  -  24x  +  4x²)  =
x(192 -  56x + 4x²)  =
4x³ - 56x² + 192x.
To maximize, take the
derivative: V'(x) = 12x²
- 112x + 192. Set it to
zero:  12x²  -  112x  +
192 = 0. Divide by 4:
3x²  -  28x  +  48  =  0.

S o l v e  u s i n g  t h e
quadratic formula: x =
[28 ± √(784 - 576)] / 6
= [28 ± √208]  /  6  =
[28 ± 4√13] / 6 = [14
± 2√13] / 3.
Since  x  must  be  less
than  6  (the  smaller
half-dimension),  the
viable root is x = (14 -
2√13) / 3 ≈ (14 - 7.21)
/ 3 ≈ 2.26 inches. The
maximum  volume  is
achieved  at  that  cut
size.


