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UNDERSTANDING THE LANDMARK TEXT:
INTRODUCTION TO COMMUTATIVE ALGEBRA ATIYAH

For  generations  of  mathematicians,  the  name  Atiyah  is
synonymous with elegance, depth, and clarity in algebra. When
paired with Ian Macdonald, the result is a slim yet formidable
volume that has shaped the way abstract algebra is taught and
understood at the graduate level: Introduction to Commutative
Algebra Atiyah. This book, first published in 1969, remains a rite
of  passage for  students  entering algebraic  geometry,  number
theory,  and  advanced  ring  theory.  Its  crisp  exposition  and
carefully  chosen  exercises  make  it  both  a  challenge  and  a
delight. In this article, we will explore what makes this text so
enduring, who should read it, and how to approach its content
effectively.
The full title, Introduction to Commutative Algebra by M.F.
At iyah  and  I .G .  Macdona ld ,  i s  o f ten  shor tened  to
"Atiyah–Macdonald"  or  simply  "Atiyah".  It  is  not  merely  a
textbook;  it  is  a  cultural  artifact  of  twentieth-century
mathematics. The authors set out to provide a concise, rigorous
introduction  to  commutative  algebra,  assuming  only  a  basic

background in abstract  algebra.  The result  is  a tightly woven
narrative that moves from fundamental concepts like rings and
ideals  to  advanced  topics  such  as  completions  and  primary
decomposition.

Who Is This Book For?
Atiyah and Macdonald explicitly  target  graduate students and
advanced  undergraduates  who  have  completed  a  standard  first
course in abstract algebra. Readers should be comfortable with
basic group theory, ring theory, and module theory. However, the
book is not for the faint of heart. Its prose is dense, and many
steps are left as exercises. This "lean" style is intentional: the
authors believe that active engagement is the best way to learn
commutative  algebra.  If  you  are  looking  for  a  self-contained,
highly  structured  guide,  the  Introduction  to  Commutative
Algebra  Atiyah  will  reward  you  if  you  work  through  it
systematically.
The book is especially valuable for students who intend to pursue
algebraic  geometry  or  number  theory.  For  example,  the
geometric intuition behind prime ideals and localization becomes
central  when  studying  schemes.  Similarly,  the  treatment  of
Noetherian rings and Hilbert's Nullstellensatz lays a foundation
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for modern algebraic geometry. Number theorists will appreciate
the clean exposition of Dedekind domains and discrete valuation
rings.

Structure and Content
Overview
The  book  is  divided  into  11  chapters,  each  building  on  the
previous one. Here is a brief walkthrough of the main topics:

Chapter 1: Rings and Ideals – A brisk review of basic
definitions, operations on ideals, prime and maximal ideals,
radical of an ideal, and extension and contraction of ideals.
The chapter closes with the prime spectrum (Spec) of a
ring, introducing a topological viewpoint.
Chapter 2: Modules – Introduces modules over a ring,
submodules, quotient modules, module homomorphisms,
direct sums and products, and the notion of exact
sequences. This chapter sets the stage for homological
algebra later.
Chapter 3: Rings and Modules of Fractions – The
process of localization is explained in detail, including the
construction of the field of fractions of an integral domain
and the localization at a prime ideal. This is a core
technique in commutative algebra.
Chapter 4: Primary Decomposition – A modern
treatment of Lasker–Noether theory, showing how ideals in
a Noetherian ring can be expressed as intersections of

primary ideals. This is one of the classic theorems in the
subject.
Chapter 5: Integral Dependence and Valuations –
Covers integral extensions, going up and going down
theorems, valuations rings, and the concept of the Krull
dimension of a ring.
Chapter 6: Chain Conditions – Explores Noetherian and
Artinian modules and rings, the Hilbert basis theorem, and
the structure theorem for Artinian rings.
Chapter 7: Noetherian Rings – Deepens the study of
Noetherian rings, including primary decomposition in the
Noetherian case and the concept of associated prime
ideals.
Chapter 8: Artin Rings – A focused treatment of Artinian
rings, showing their structure and relationship with
Noetherian rings.
Chapter 9: Discrete Valuation Rings and Dedekind
Domains – A key chapter for number theory, covering
valuation rings, discrete valuation rings, and the
fundamental theorem for Dedekind domains: unique
factorization of ideals.
Chapter 10: Completions – An introduction to completion
with respect to an ideal, derived functors, and the concept
of the graded ring associated to a filtration. This chapter
touches on the Artin–Rees lemma and Hensel's lemma.
Chapter 11: Dimension Theory – The final chapter
develops the Krull dimension of a ring, the Hilbert
polynomial, and the dimension of polynomial rings and
local rings.
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Each chapter ends with a rich collection of exercises. Many of
these are  non-trivial  and extend the theory  presented in  the
chapter.  Some  exercises  are  renowned  for  their  difficulty  and
depth—for instance, the exercise on the "going-down theorem" or
the construction of the "zero-divisor graph." Students are advised
to  attempt  as  many  as  possible  because  the  exercises  are
integral to the learning process.

Pedagogical Approach and
Style
The  hallmark  of  Introduction  to  Commutative  Algebra
Atiyah is its economical style. The authors rarely waste words.
Definitions  are  precise,  proofs  are  concise,  and  examples  are
sparse but illuminating.  This  means that a reader must often fill
in details with pencil  and paper. While this can be frustrating
initially,  it  forces  deep  understanding.  Many  experienced
mathematicians  recall  that  working  through Atiyah–Macdonald
was one of their most formative mathematical experiences.
One  distinctive  feature  is  the  use  of  diagrams  and  exact
sequences early on. The authors are pioneers in incorporating
homological  algebra methods into basic commutative algebra,
making the book ahead of its time. Functorial language is used
throughout, but without overwhelming the reader. The emphasis
on  the  prime  spectrum (Spec)  and  the  Zariski  topology  also
previews the geometric underpinnings of the subject.

Comparisons with Other
Texts
For a beginner, there are other more leisurely introductions to
commutative algebra. For instance, Commutative Algebra with a
View Toward Algebraic  Geometry  by  David  Eisenbud is  much
larger  and  provides  extensive  examples  and  computational
techniques. Undergraduate Commutative Algebra by Miles Reid is
gentler  and  includes  more  background.  Even  Commutative
Algebra:  Constructive  Methods  by  Lombardi  and  Quitté  offers  a
different perspective.
However, Atiyah–Macdonald  remains the gold standard for a
fast, rigorous, and elegant entry into the subject. It is the book
that many graduate programs use as a primary text for a one-
semester course. Its compactness (only about 128 pages) means
that it  can be covered in a semester,  but the density of  the
content  requires  real  effort.  The  exercises  alone  can  sustain  an
entire reading group for a year.
Another classic companion is Commutative Algebra by Hideyuki
Matsumura, which is more encyclopedic but also uses a similar
terse style. Students who finish Atiyah–Macdonald often move on
to Matsumura for advanced topics like regular local rings and
depth.
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Tips for Reading and
Studying This Book
If  you plan to study Introduction to Commutative Algebra
Atiyah, here are some practical suggestions:

Master the basics first. Be sure you are comfortable with1.
ring homomorphisms, ideals, quotient rings, and modules
before starting. Review a standard abstract algebra text if
needed.
Read actively. Keep a notebook and pen. Reprove every2.
theorem in your own words. Fill in the missing steps. Many
proofs are "left to the reader" in a subtle way.
Do the exercises. The exercises are not optional. They3.
contain important results (e.g., Nakayama's lemma appears
as an exercise in Chapter 2). Work through them
systematically, and discuss with peers if possible.
Use multiple resources. If you get stuck on a concept,4.
consult a gentler text like Introduction to Commutative
Algebra and Algebraic Geometry by Ernst Kunz or the
online notes by various professors. Video lectures can also
help.
Form a study group. The book is famously hard to tackle5.
alone. A group can help motivate and clarify challenging
sections.
Don't rush. Take time to digest each chapter before6.
moving on. The material is cumulative; later chapters rely

heavily on earlier ones.

The Legacy and Impact
Since its publication, Introduction to Commutative Algebra
Atiyah  has  sold  tens  of  thousands  of  copies  and  has  been
translated  into  multiple  languages.  It  is  cited  in  countless
research papers and is often listed as a recommended text for
graduate algebra qualifying exams. Its influence extends beyond
mathematics: concepts from commutative algebra are now used
in  computational  algebra,  cryptography,  and  even  theoretical
physics (e.g.,  in the study of  Calabi–Yau manifolds and string
compactifications).
The authors, Sir Michael Atiyah and Ian Macdonald, were both
giants  in  their  fields.  Atiyah  was  one  of  the  most  influential
mathematicians of the 20th century, winning the Fields Medal,
the Abel Prize, and the Copley Medal. Macdonald was a renowned
algebraist and a master expositor. Their collaboration produced a
book  that  remains  remarkably  fresh  decades  later.  Although
newer  texts  incorporate  modern  terminology  and  additional
topics (e.g.,  homological  algebra,  Gröbner bases),  the core of
commutative algebra has not  changed,  and Atiyah–Macdonald
still stands as a catalyst for learning.

Conclusion
Introduction to Commutative Algebra Atiyah is more than a
textbook; it is a rite of passage. Its concise, rigorous, and elegant
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presentation  has  inspired  and  challenged  generations  of
mathematicians. Whether you are a graduate student preparing
for  algebraic  geometry,  a  number  theorist  seeking  a  solid
foundation,  or  a  curious  advanced  undergraduate,  working
through this  book will  deepen your understanding of  abstract
algebra  and  prepare  you  for  advanced  research.  The  effort

required is substantial, but the reward—a genuine, visceral grasp
of the structure of commutative rings—is immense.
If you are ready to embark on this journey, pick up a copy, gather
your  pen  and  paper,  and  begin.  The  mathematics  you  will
discover  is  beautiful,  and  the  book  that  guides  you  is  a
masterpiece.


