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UNDERSTANDING THE
FUNDAMENTALS: AN
INTRODUCTION TO PARTIAL
DIFFERENTIAL EQUATION

Mathematics  is  the  language  of  the
universe, and within its vast lexicon, few
tools are as powerful and far-reaching as
the  partial  differential  equation.  For
students, engineers, physicists, and data

scientists alike, an introduction to partial
differential  equation  (PDE)  theory  is  not
merely  an  academic  exercise—it  is  a
gateway to understanding how complex
systems evolve, how heat spreads, how
sound travels, and how financial markets
fluctuate. Whether you are encountering
this topic for the first time or seeking to
solidify  your  foundational  knowledge,
this  guide  will  walk  you  through  the
essential  concepts,  classifications,  and
applications  of  PDEs  in  a  clear  and
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engaging manner.
At its core, a partial differential equation
is a mathematical equation that involves
unknown  funct ions  o f  mul t ip le
independent variables and their  partial
derivatives.  Unlike  ordinary  differential
equations, which deal with functions of a
single  variable,  PDEs  capture  the
behavior of systems distributed in space
and  time.  This  introduction  to  partial
differential  equation  will  help  you  see
why these equations are indispensable
i n  m o d e l i n g  r e a l - w o r l d
phenomena—from the ripples in a pond
to the dynamics of climate systems and
the quantum behavior of particles.

What Is a Partial
Differential
Equation?
A  partial  differential  equation  is  an
equation that contains partial derivatives
of an unknown function with respect to
two or more independent variables. The
general form of a PDE can be written as:
F(x₁, x₂, …, xₙ, u, ∂u/∂x₁, ∂u/∂x₂, …,
∂²u/∂x₁², …) = 0
Here,  u  is  the  unknown  function  that
depends  on  the  independent  variables
(such as spatial coordinates and time),
and  the  equation  involves  the  partial
derivatives  of  u  with  respect  to  those
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var iables.  The  order  of  a  PDE  is
determined  by  the  highest  derivative
present in the equation. For example, if
the highest derivative is a second partial
derivative,  the  PDE  is  of  second
order—which is the most common type
encountered in physics and engineering.
An  introduction  to  partial  differential
equation  must  emphasize  that  these
equations  are  not  mere  abstractions;
they are the language used to describe
conservation  laws,  diffusion  processes,
wave  propagation,  and  equilibrium
states.  Understanding PDEs allows you
to  translate  physical  principles  into
mathematical  models  that  can  be
analyzed,  simulated,  and  solved.

Partial
Differential
Equations vs.
Ordinary
Differential
Equations
To  fully  appreciate  an  introduction  to
partial  differential  equation,  it  is  helpful
to  contrast  PDEs  wi th  ord inary
differential  equations  (ODEs).  An  ODE
involves  derivatives  with  respect  to  a
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single  independent  variable,  typically
t ime.  For  example,  the  equation
describing  the  decay  of  a  radioactive
substance  involves  only  a  t ime
derivative.  In  contrast,  a  PDE involves
derivatives  with  respect  to  more  than
one independent variable, such as space
and time.
Consider  the  heat  equation,  a  classic
PDE:  ∂u/∂t  =  α  ∂²u/∂x².  Here,  u(x,t)
represents temperature at position x and
time  t.  The  equation  involves  a  first
der ivat ive  in  t ime  and  a  second
der iva t i ve  in  space .  Th i s  dua l
dependency is  what  makes PDEs both
more powerful and more challenging to
solve than ODEs. While ODEs often yield
to  s t ra ight forward  integrat ion
techniques,  PDEs  require  more
sophist icated  methods  such  as

separation  of  variables,  Fourier
transforms, or numerical simulation.

Order and
Linearity in PDEs
When studying an introduction to partial
differential  equation,  two  fundamental
classification criteria are essential: order
and linearity.
Order: The order of a PDE is the order of
the highest partial derivative appearing
in the equation. First-order PDEs involve
only first derivatives, while second-order
PDEs involve second derivatives and are
the  most  preva lent  in  phys ica l
applications.  Third-order  and  higher-
order  PDEs  exist  but  are  less  common.
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Linearity: A PDE is linear if the unknown
function and all its derivatives appear in
a  linear  fashion—that  is,  they  are  not
multiplied together or raised to a power.
A linear PDE can be written in the form
L(u)  =  f,  where  L  is  a  linear  differential
o p e r a t o r .  I f  f  =  0 ,  t h e  P D E  i s
homogeneous ;  o therwise ,  i t  i s
nonhomogeneous.  Nonlinear  PDEs,  on
the  other  hand,  involve  products  or
powers of  the unknown function or  its
derivatives,  making  them  significantly
more  difficult  to  solve.  Many  important
phenomena,  such  as  fluid  turbulence
and nonlinear  optics,  are  governed by
nonlinear PDEs.

The Three
Classical Types
of Second-Order
Linear PDEs
A  thorough  introduction  to  partial
differential  equation  must  cover  the
three  canonical  types  of  second-order
linear  PDEs:  elliptic,  parabolic,  and
hyperbolic.  These  classifications  are
based on the form of the principal part of
the  equation  and  determine  the
qualitative  behavior  of  solutions.
Elliptic PDEs: These equations describe
steady-state or equilibrium phenomena.
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The prototypical elliptic PDE is Laplace's
equation: ∂²u/∂x² + ∂²u/∂y² = 0. Solutions
to  e l l ipt ic  PDEs  are  smooth  and
represent  physical  fields  such  as
electrostatic  potential,  steady-state
temperature  distributions,  and fluid  flow
in  porous  media.  Boundary  conditions
are essential for solving elliptic PDEs, as
they determine the solution uniquely.
Parabolic  PDEs:  These  equations
describe  diffusion  or  heat  conduction
processes.  The  most  famous  parabolic
PDE  is  the  heat  equation:  ∂u/∂t  =  α
(∂²u/∂x²  + ∂²u/∂y²  + ∂²u/∂z²).  Parabolic
PDEs involve a first-order time derivative
and  second-order  spatial  derivatives.
They exhibit smoothing behavior—initial
irregularities  in  the  solution  become
smoother over time. Parabolic equations
require  both  initial  conditions  and

boundary  conditions  for  a  well-posed
problem.
Hyperbolic  PDEs:  These  equations
describe  wave  propagation  and  other
oscillatory  phenomena.  The  wave
equation: ∂²u/∂t² = c² (∂²u/∂x² + ∂²u/∂y²
+  ∂²u/∂z²)  is  the  classic  example.
Hyperbolic PDEs preserve sharp features
and discontinuities in solutions, allowing
for  the  propagation  of  signals  and
disturbances.  They  require  two  initial
conditions (initial  position and velocity)
along with boundary conditions.
Understanding  these  three  types  is
crucial  because  each  requires  different
solution  techniques  and  exhibits
different  physical  behaviors.  Any  solid
introduction  to  partial  differential
equation  will  help  you  identify  which
type you are dealing with and guide you
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toward the appropriate approach.

Classic PDEs and
Their Physical
Significance
To  make  an  introduction  to  partial
differential  equation tangible,  it  helps to
look  at  the  most  important  equations
that  appear  across  sc ience  and
engineering.
Laplace's  Equation:  ∇²u  =  0.  This
elliptic  PDE  describes  potential  fields  in
regions  with  no  sources  or  sinks.
Applications  include  electrostatics,
gravitation,  steady  fluid  flow,  and  heat
conduct ion  in  sol ids  at  thermal

equilibrium.  Laplace's  equation  is  also
fundamental  in  complex  analysis  and
harmonic function theory.
Poisson's  Equation:  ∇²u  = f.  This  is
Laplace's equation with a source term. It
appears  in  electrostatics  with  charge
distributions,  in  gravitation  with  mass
distributions,  and  in  heat  conduction
with  internal  heat  generation.  Solving
Poisson's equation is a common task in
computational  physics  and engineering
simulation.
The Heat Equation: ∂u/∂t = α ∇²u. Also
known  as  the  diffusion  equation,  this
parabolic PDE governs the distribution of
heat  or  the  diffusion  of  particles  over
time.  It  is  used  in  thermodynamics,
materials  science,  biology,  and  finance
(the Black-Scholes equation is a variant
of the heat equation).
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The Wave Equation: ∂²u/∂t² = c² ∇²u.
This  hyperbolic  PDE  describes  the
propagation of waves—whether they are
sound waves, light waves, water waves,
or seismic waves. The wave equation is
central  to  acoustics,  electromagnetics,
fluid dynamics, and general relativity.
Burger's Equation: ∂u/∂t + u ∂u/∂x = ν
∂²u/∂x². This is a nonlinear parabolic PDE
that  models  shock  waves,  traffic  flow,
and  other  convection-diffusion
phenomena.  Burger's  equation is  often
used  as  a  simplified  model  for  more
complex  fluid  dynamics  and  provides  a
testing  ground  for  numerical  methods.
The Schrödinger Equation: iℏ ∂ψ/∂t =
−(ℏ²/2m) ∇²ψ + Vψ. This parabolic-type
PDE  (though  complex-valued)  is  the
foundation  of  quantum  mechanics,
describing how the quantum state of a

physical system evolves over time. It is
one of the most consequential equations
in modern science.
This  selection  i l lustrates  why  an
introduction  to  partial  differential
equation is so valuable: these equations
are not merely abstract constructs but
the  very  fabric  of  our  mathematical
description of the physical world.

Boundary and
Initial Conditions:
Completing the



Introduction To Partial Differential Equation 9

9

Problem
A PDE alone does not specify a unique
solution. To obtain a specific solution, we
must impose additional  conditions that
reflect  the  physical  situation.  An
introduction  to  partial  differential
equation  must  address  the  types  of
conditions typically used.
Initial conditions  specify the state of
the system at a starting time, usually t =
0. For the heat equation, we specify the
initial  temperature  distribution  u(x,0).
For the wave equation, we specify both
the initial  displacement u(x,0)  and the
initial  velocity  ∂u/∂t(x,0).  Init ial
conditions  are  essential  for  time-
dependent  problems.
Boundary  conditions  specify  the

behavior of the solution on the boundary
of  the  spatial  domain.  Common  types
include:

Dirichlet boundary conditions:
The value of u is specified on the
boundary (e.g., fixed temperature
at the ends of a rod).
Neumann boundary conditions:
The derivative of u normal to the
boundary is specified (e.g.,
insulated ends where heat flux is
zero).
Robin boundary conditions: A
linear combination of u and its
normal derivative is specified on
the boundary (e.g., convective
heat transfer).
Periodic boundary conditions:
The solution is required to be
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periodic, often used in problems
with symmetry or in Fourier
analysis.

The  combinat ion  o f  a  PDE  w i th
appropriate  initial  and  boundary
conditions forms a well-posed problem if
a solution exists, is unique, and depends
continuously  on  the  data—a  concept
introduced by Jacques Hadamard.

Analytical
Methods for
Solving PDEs
While  many PDEs cannot  be solved in
closed form, several classical analytical
techniques  are  essential  tools.  An

introduction  to  partial  differential
equation  typical ly  covers  these
foundational  methods.
Separation of Variables: This is one of
the  most  widely  used  techniques  for
linear  PDEs  on  simple  domains.  The
unknown function  is  assumed to  be  a
product of functions, each depending on
only  one  independent  variable.  For
example, for the heat equation on a rod,
we assume u(x,t) = X(x)T(t). Substituting
into  the  PDE  and  separating  variables
leads  to  ordinary  differential  equations
for  X  and  T,  which  can  be  solved
ind iv idua l l y .  The  p r i nc ip l e  o f
superposition then allows us to construct
a solution as a series of these product
solutions.
Fourier  Transform:  The  Fourier
transform converts a PDE in the spatial
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domain  into  an  ODE in  the  frequency
domain.  This  is  particularly  effective  for
linear  PDEs  on  infinite  or  periodic
domains. The transformed ODE is often
easier to solve, and the inverse Fourier
transform recovers  the  solution  in  the
spatial domain. The Fourier transform is
central  to  solving  the  heat  equation,
wave equation,  and many other  linear
PDEs.
Method  of  Characteristics:  For  first-
order PDEs, this method reduces the PDE
to a system of ODEs along characteristic
curves.  It  is  especially  useful  for
advection and transport  equations and
provides  geometric  insight  into  how
information  propagates  through  the
solution.
Green's Functions: A Green's function
is  the  solution  to  a  PDE  with  a  point

source,  representing  the  fundamental
response  of  the  system.  Once  the
Green's function is known, the solution
for  any  source  distribution  can  be
obtained by convolution. This approach
is elegant and powerful for linear PDEs
with constant coefficients.
Similarity Solutions: For certain PDEs,
scaling arguments lead to solutions that
depend on a particular  combination of
variables. These similarity solutions are
often  self-similar  and  reveal  important
scaling laws in the physical system.
These  analytical  methods  are  the
cornerstone of applied mathematics and
form the core of any serious introduction
to  partial  differential  equation
curriculum.
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Numerical
Methods and
Computational

Approaches
In  practice,  most  PDEs encountered in
engineering  and  science  cannot  be
solved  analytically.  Numerical  methods
are essential for obtaining approximate
solutions.  An  introduction  to  partial
differential  equation  should


