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INTRODUCTION TO
SQUARE ROOTS

When you first
encounter a radical
symbol (v), it might
seem like a mysterious
mathematical artifact.
Yet, the concept of a
square root is one of
the most fundamental
operations in
mathematics,

appearing everywhere
from elementary
algebra to advanced
calculus and even in
everyday problem-
solving. At its core, the
math definition of
square root s

surprisingly simple: it
is the value that, when
multiplied by itself,
gives the original
number. For example,
the square root of 9 is
3 because 3 x 3 = 9.
However, this basic
idea branches into
many important
nuances—positive and
negative roots,
irrational numbers, and
complex numbers. This
article provides a
comprehensive,
natural exploration of
square roots, their
properties, uses, and
common
misunderstandings, all
built around the central
math definition of
square root.


https://app.ardentx.com/

WHAT IS THE
MATH DEFINITION
OF SQUARE ROOT?

The math definition
of square root begins
with the concept of
squaring a number.
Squaring a number
means multiplying it by
itself: if you take any
real number a, then a
squared is a’. The
square root operation
is the inverse of
squaring. Formally, we
say that for a non-
negative real number
X, the principal square
root of x is the non-
negative number r
such that r* = x. This is
written as Vx = r. The
symbol V is called the
radical symbol, the
number inside it is the
radicand, and the
result is the square
root.

Notice that the
definition usually

restricts the radicand

to non-negative
numbers when dealing
with real numbers. This
is because the square
of any real number
(positive or negative) is
always non-negative.
For example, (-3)*> = 9,
so -3 is also a square
root of 9, but the
principal square root
(denoted by the radical
symbol) is the positive
square root, which is
3. The math
definition of square
root in its purest form
acknowledges both
roots: every positive
number has two square
roots (one positive and
one negative).
However, when we
write V9, we mean the
principal (non-
negative) root.

It is essential to
distinguish between
the symbol vx and the
concept of a square
root. Saying "the
square root of 9" can
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refer to either 3 or -3,
but the notation v9
specifically means 3.
This is a common
source of confusion for
students, and it is why
a precise math
definition of square
root always clarifies
which root is intended.

Notation
and
Terminolo

gy

e Radical
symbol: v

e Radicand: The
number under
the radical (e.g.,
in V25, 25 is the
radicand).

 Principal
square root:
The non-negative
square root of a
non-negative

number.

e Square root
function: f(x) =
VX, defined only
for x = 0 (in real
numbers).

UNDERSTANDING
SQUARE ROOTS
THROUGH
EXAMPLES

Numbers that are the
squares of integers are
called perfect
squares. For instance,
1, 4,9, 16, 25, 36, 49,
64, 81, and 100 are
perfect squares. Their
square roots are simple
integers: V1 =1, V4 =
2, V9 = 3, and so on.
Perfect squares make
learning the math
definition of square
root intuitive because
the computation is
exact.

But what about
numbers that are not
perfect squares? For
example, V2. There is



no integer that, when
squared, equals 2. The
square root of 2 is an
irrational number—it
cannot be expressed
as a simple fraction,
and its decimal
representation

(1.41421356...) goes
on forever without
repeating. The math
definition of square
root still holds: v2 is
the positive number
that, when multiplied
by itself, gives exactly
2. This is why we often
leave square roots in
radical form (e.g., V2,
V3, v5) when exact
answers are needed.

The same concept
applies to fractions and
decimals. For example,
v0.25 = 0.5 because
0.5 x 0.5 = 0.25. And
V(4/9) = 2/3 because
(2/3) x (2/3) = 4/9.
This illustrates that the
math definition of
square root works
uniformly across

rational numbers.

PROPERTIES OF
SQUARE ROOTS

Square roots obey
several important
algebraic rules that
simplify calculations
and are fundamental in
higher mathematics.
These properties are
derived directly from
the definition.

Product
Property

For non-negative real
numbers a and b: V(a
x b) = va x vb. For
example, V(4x9) = V36
=6, and V4 x V9 = 2
X 3 = 6. This property
allows us to break
down larger radicands
into manageable
factors.
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Quotient
Property

For non-negative a and
positive b: V(a/b) = Va
/ Vb. Example: V(16/4)
=v4 =2,and V16 / V4
=4/2=2.

Power
Property

Raising a square root
to a power: (Va)’ = a
for any non-negative a.
This is essentially the
inverse relationship.
Also, V(a’) = |a| (the
absolute value of a),
because the principal
square root is always
non-negative. For
example, V((-5)?) = V25
=5, not -5.

Addition
and
Subtracti
on

Important: va + Vb is
not equal to vV(a+b) in
general. For instance,
V4 + V9 =2+ 3 =5,
while V(4+9) = V13 =
3.606. The math
definition of square
root does not allow
combining roots
through addition—only
multiplication and
division preserve the
relationship.

HOW TO
CALCULATE
SQUARE ROOTS

There are several
methods to find square
roots, ranging from
simple mental math to
iterative algorithms.



Understanding these
methods reinforces the
math definition of
square root.

Prime
Factorizat
IoN

For perfect squares,
write the radicand as a
product of prime
factors. Pair up
identical factors, then
take one factor from
each pair. For example,
v144: 144 =
2X2X2X2%X3x3 =
(2x2)%x(2%2)%(3%3).
Take one 2 from each
of the two pairs of 2s,
and one 3 from the
pair of 3s, giving
2x2x3 =12. So V144
=12.

Long
Division
Method

The traditional manual
method for finding
square roots involves a
digit-by-digit process
similar to long division.
While less common
today, it helps
understand the
relationship between
digits. For example, to
find v2, you would
iteratively find digits
1.414... This method is
based on the algebraic
identity (a+b)> = a* +
2ab + b’

Estimatio
n and
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Newton’s
Method

A practical approach is
to estimate between
two perfect squares.
For v10, you know
3’=9 and 4°=16, so
V10 is between 3 and
4. Refine by guessing

3.16 (since
3.16°=9.9856) and
adjusting. Newton’s

method (also called the
Babylonian method)
uses the formula: new
guess = (old guess +
radicand/old guess)/2.
Starting with a rough
guess, you converge
quickly to the exact
square root. This is
how many calculators
compute square roots.

Using a

Calculato
r

Modern technology
makes square root
calculation
instantaneous. The Vv
button or function
simply applies the
math definition of
square root
numerically, often
using iterative
methods internally. It is
important to
understand that the
calculator returns the
principal (positive)
square root.

SQUARE ROOTS IN
ALGEBRA

The concept of square
roots is integral to
solving quadratic
equations. The square
root property states
that if x> = ¢, then x =
vc or x = -V
(assuming ¢ = 0). This



directly follows from
the math definition
of square root and
the fact that both
positive and negative
numbers square to the
same value.

For example, to solve
x* = 25, you write x =
5 o0r x = -5.In the
quadratic formula, x =
[-b = V(b® -
4ac)]/(2a), the symbol
vV appears again. The
discriminant (b* — 4ac)
determines whether
the roots are real or
complex. If the
discriminant is positive,
there are two real
square roots; if zero,
one real root; if
negative, the square
root involves an
imaginary number.

Square roots also
appear in simplifying
radical expressions. For
instance, V50 can be
simplified to  5v2
because V50 =

V(25%2) = V25 x V2 =

5v2. This skill is
essential for algebraic
manipulation.
REAL-WORLD

APPLICATIONS OF
SQUARE ROOTS

The math definition
of square root is not
just an abstract
idea—it has countless
practical uses.

Geometry
and
Construct
[o]g

In geometry, the
Pythagorean theorem
a’ + b’>=c’is solved
for the hypotenuse (c)
by taking a square
root. For example, if
a=3 and b=4, thenc =

V(3%+4?%) = V25 = 5.
This is used in
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construction,
navigation, and
computer graphics.

Physics

Square roots appear in

formulas for velocity,
energy, and wave
functions. For instance,
the root-mean-square
speed of gas molecules
involves a square root.
The period of a



